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The development of a stable, secure, and efficient stock market in Vietham
plays a crucial role in enhancing risk resilience, ensuring a well-structured
market, and serving as a platform to attract substantial medium and long-
term capital for the economy. Therefore, the study aims to analyze the
effectiveness of linear and non-linear shrinkage estimators for portfolio
selection in the Vietnamese stock market. Comparing various estimators,
including custom-tailored linear Shrinkage, non-linear Shrinkage, and
generic linear Shrinkage. The results reveal that the non-linear shrinkage

estimator does not always give superior results compared to the generic
linear shrinkage estimator, especially when dealing with low numbers of
stocks. The custom-tailored linear shrinkage estimator remains a challeng-
ing benchmark that the non-linear shrinkage estimator needs to overcome.
These findings contribute to further empirical evidence on the effectiveness
of shrinkage estimators for portfolio selection in a frontier market. Finally,
the author proposes several policy implications for the stock market to
promote and create necessary guidance for Viethamese businesses and
economic organizations to apply international financial standards, helping
to improve modern management and corporate governance capacity in line
with the world's development and progress trends.
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INTRODUCTION

The covariance estimator plays an essential role in portfolio optimization and can determine the suc-
cess or failure of a portfolio investment strategy. Initially, the sample covariance estimator can support
the investors in estimating the covariance matrix, but its effectiveness in practice is not high, and there
are problems in the case of high-dimensional data (John & Mieldzioc, 2020). The researchers try to pro-
pose many different methods of estimating the covariance matrix to solve this problem, notably the
Shrinkage of covariance estimator first introduced (Ledoit & Wolf, 2003a, 2003b, 2004). The estimator
has shown its effectiveness when applied in many different fields, especially in selecting the optimal as-
set portfolio (DeMiguel et al., 2013).

The shrinkage methods, as in their name, describe a collection of computing approaches that aim to
eliminate the most minor impact factors from the whole ones. It takes into account a sample covariance
matrix (SC) and a structural target in the attempt to shrink the noise and bias of the estimated covari-
ance matrix. The original shrinkage method proposed by O. Ledoit & M. Wolf (2003b) includes a balance
factor to adjust the level of tradeoff of the estimation called shrinkage intensity. Their works have been
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proven to be consistent with different sizes of high-dimensional portfolios. O. Ledoit & M. Wolf (2022)
published a journal paper summarizing the applications of the shrinkage estimator over the past 15
years and describing in detail the theoretical framework and instructions on how to use this method for
covariance matrix estimation. In their paper, a list of aspects was discussed carefully such as asset opti-
mization together with some new shrinkage-based approaches for the means of sample returns and co-
variance matrices, and they also consider how to derive the weights in the asset. In order to improve the
performance of small size portfolios with small estimation sample size, B. Candelon et al. (2012) also
introduced shrinkage-based estimators that can be beneficial in realistic asset management. Even more
practical, A. Kourtis et al. (2012) suggested to use two non-parametric methods to modify the shrinkage
technique that can be applied directly to the inverse covariance matrix. Their method especially can be
useful to resolve the case of high transaction costs, short-sale conditions, and singular covariance matri-
ces, while keeping lower risks and high risk-adjusted returns.

0. Ledoit & M. Wolf (2022) had shown that there are two important approaches to generate a reli-
able shrinkage covariance matrix for portfolio selection. The first approach requires to select manually
the target for Shrinkage based on the experiences of experts to come closely to the real covariance ma-
trix but ensuring the fewest possible number of parameters. Clearly, this approach requires some sorts of
knowledge on the feature space of the true covariance matrix. This knowledge can be represented as the
asset returns, a positive average covariance or a positive average correlation. Thus, this approach is
called custom-tailored target-based linear Shrinkage. However, this can be fulfilled in many cases of port-
folios, and that led Ledoit and Wolf considered a second approach based on a non-linear structure of
shrinkage estimator for covariance matrix estimation. This approach imposes the relationship of empiri-
cal covariance matrix and the generic shrinkage target. The estimation process is hence modeled purely
by mathematical formulation and does not require any specific experiences of the experts as in their pre-
vious study. Also in this work, they performed a deep analysis to prove the improvement of non-linear
shrinkage approach over the linear one.

To our best knowledge, there are plenty of research so far regarding to the comparison, both pros
and cons of two approaches: linear and non-linear shrinkage methods in the world. However, there is
almost no clear demonstration of this analysis for Vietham’s stock market. In this paper, we conduct em-
pirical analysis on the effectiveness of versions of shrinkage estimators and answer the question
whether the modern non-linear shrinkage estimator can beat the traditional linear estimators, especially
the linear shrinkage ones built on some sorts of knowledge of the finance experts. Moreover, our experi-
mental results are expected to show potential achievement in portfolio selection in Vietham’s stock mar-
ket and contribute to further empirical evidence on the effectiveness of the shrinkage estimators for opti-
mal portfolio selection.

The remaining contents of the research paper will be presented in the following order: Section 2 is
related studies, section 3 is theoretical framework, section 4 is data and methodology, section 5 is em-
pirical result, and the conclusion in section 6.

1. LITERATURE EMPIRICAL REVIEW
1.1 Related to studies

We all know that common research in modern portfolio management mostly approaches from quan-
titative perspectives. Specifically, people focus on the mathematical modeling of a portfolio based on the
objectives of optimization problems. Although it sounds simple, plenty of significant researches have
been raised from this idea and they can prove their impact to modern portfolio studies. Among them, it
can be figured out the framework proposed by O. Ledoit & M. Wolf (2003b) which resolves the optimiza-
tion problem by shrinkage methodology. In their first study, Ledoit and Wolf believed that using the first
characteristic for pricing assets in the CAPM as a shrinkage target leads to an efficient approximation of
the covariance matrix of a portfolio since, from their practical experiences, stock returns have at least a
factor represented for model structure.
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In an extended version, O. Ledoit & M. Wolf (2004) dug into the second feature as called the con-
stant correlation model (CC) and used it as the replacement of shrinkage target taking into account the
prior belief of positive average correlation of all stocks when considered at the same time. Both of their
results have shown that shrinkage target towards single index model (SSI) and shrinkage target towards
constant correlation model (SCC) are commonly outperform the traditional sample covariance matrix
estimation methods. However, in practice, SCC often provides best selection of portfolio for small sample
size (generally less than 100 stocks). The SSI, on the other hand, gives best selection results with large
sample size (larger than 225 stocks). Rely on Ledoit and Wolf framework, Schafer & Strimmer (2005)
considering covariance matrices from sparse genomic data, proposed the third shrinkage target could
get the best estimation for both small and large scale matrices.

Next, in 2012, based on the observation that the average covariance of hedge fund returns has a
positive value, B. Scherer & K. Winston (2011) estimated the covariance matrix by applying the shrinkage
target which shows an important application of shrinkage methods. It can be observed in many practical
uses case, using multiple shrinkage targets may push the overall performance of estimated covariance
matrix instead of using only linear Shrinkage designed with a single target. L. Garlappi et al. (2007) re-
vealed a multiple prior targets model without ambiguity to examine the normality of parameter and model
uncertainty for portfolio management. They showed that their proposed approach for investment selec-
tion is stable across different time periods and achieve higher out-of-sample Sharpe ratio. With the same
approach of using multiple priors, F. Lutgens & P. Schotman (2010) studied the robust optimization
based on different experiences or knowledge from experts of the field. The content is that they consid-
ered the distinct priors from a finite set of hypotheses, with the prior probabilities are attached to each of
the priors, counted on the assumption that the aversion to ambiguity of a robust investor. If there are
significant estimation errors, it can be proven the multi-prior models are useful for portfolio selection in
practice.

In the case of rebalance the uncertainty through a weighted averaging, J. Fan et al. (2016) consid-
ered the targeting multiple structure covariance matrices by which we can discover more information to
facilitate the shrinkage intensities estimation. From the experimental results, people can see the multi-
target Shrinkage is superior to the single one in out-of-sample performance, in the sense that it can re-
duce significantly constraints of conditional expected returns and the portfolio variance for different port-
folio sizes, types. Moreover, it gets higher information ratios purely for medium to small sized portfolio
structures.

Recently, there have been several approaches inspired by data-driven perspectives. Among them, it
can be figured out J. Tong et al. (2018), in which the authors considered the leave-one-out cross-valida-
tion (CV) approach to select the data-driven shrinkage factor. The applied loss is the Frobenius norm of
the estimation error, and their learning method is aiming to minimize this loss. Tong’'s method can pro-
vide the estimators with low-complexity and can be developed on multi-targets Shrinkage. The numerical
expressions demonstrate the effectiveness of the proposed approach for obtaining the oracle approxi-
mating performance of the estimated covariance matrix, and it can enhance the effectiveness of some
other array signal processing problems. T. Tran et al. (2020) suggested a combination of the original
shrinkage-based estimation framework and evaluation technique of CV to derive the optimal shrinkage
coefficient with different uncertainty. Their illustration of real data in the Viethnamese stock market can
prove the potentials of data-driven based approach with more accurate evaluation in a real-time manner.

There is another branch of research which does not rely on the known features or characteristics of
the true covariance matrix, but we can still select a suitable covariance matrix as accurate as the linear
shrinkage approach to a custom-tailored target. This research direction was pioneered by O. Ledoit & M.
Wolf (2004), which appeared in a thorough study of how to combine the empirical covariance matrix and
an identity matrix in the estimation of covariance matrix. From the empirical results, the generic linear
Shrinkage to identity matrix was shown its superior than other traditional estimators, and the larger size
of portfolio is, the more pronounced was the difference. In O. Ledoit and M. Wolf (2012, 2015), the au-
thors switched to the extension of their work via focusing on the non-linear structures of the shrinkage
estimators for covariance matrix estimation problem. Their approach can be seen as an indirect NL
shrinkage that aim to recover the population eigenvalues with the help of Quantized Eigenvalues Sam-
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pling Transform (QUEST) function. Then a plenty of extensive research on using Monte Carlo simulation
revealed that indirect NL shrinkage is generally better than the generic linear Shrinkage as we mentioned
before, and often useful in the case of a large margin.

A study of C. Lam et al. (2017) introduced to another non-linear shrinkage method, which is called
NERCOME, which devides the whole sample into two critical parts: one is for estimating the eigenvectors,
and the other one aims to estimate those eigenvalues associated with these eigenvectors. It can be ob-
served that the main attraction of NERCOME is that it is efficient, decisively simpler and more transpar-
ent, hence supplying an basement for the elegant mathematical formulation of the indirect method of the
QUuEST function. 0. Ledoit & M. Wolf (2020), on the other hand, struggled with a fresh approach, regard-
ing to the analytical (or direct) non-linear Shrinkage, which took advantages of a nonparametric kernel
density estimation (DKE) of the limiting spectral signals of sample eigenvalues and its Hilbert transforma-
tion. Their proposal has been proven effective both in theoretical and practical perspectives, which in-
cludes the best qualities of three approaches already mentioned above: the accuracy of the considered
QUuEST function, the convergence speed of linear Shrinkage, and the intrinsic transparency of NERCOME.
Besides, there are also some studies aimed at improving the efficiency of the NL estimator, such as the
study of C. Bongiorno & D. Challet (2023) has demonstrated that using the RIE to calculate the covari-
ance matrix eigenvalues gives much better results than using the Oracle.

1.2 Portfolio Optimization

There are many ways to achieve such an optimum portfolio and one of a quantitative approach is to
search for a portfolio with a minimum variance. In the case we have N tickers of stocks in our invest-

ment with the stock weights m:(ml,mz,...,mN), the summation of weights should be equal to
N

Zmi=1

i=1
be modeled as follow:

1 , where m;>0 means that short selling will not exist. The portfolio selection problem should

argmin m' Em
s.t. m'1=1
I8 6

Here, we denote 1 and X respectively a vector of all ones and covariance matrix of N stocks as we
mentioned above. Due to the convexity of the objective function (1), the problem can be solved and de-
rived

I8

We should note that the theoretical solution (2) involves the precision matrix, which is normally re-
placed by the sample covariance matrix (SC), hence it may lead to the scenario of singularity. It means
that sample covariance is generally ill-posed, which is invertible in most of practical use cases, particu-
larly in the circumstance of high-dimensional portfolios. Therefore, using shrinkage estimators’ approach
is expected to provide feasibly numerical solution for the equation (2), and hence, we can output the
stocks weights for our investment.

1.3 Linear Shrinkage to generic target (GL)

Among the linear shrinkage approaches to generic target, the Shrinkage to identity matrix is quite
popular, which consists of a weighted combination of the SC and the identity matrix (IM). In this ap-
proach, the identity matrix, with all elements in diagonal are equal to one and zero elsewhere, is known
as a target matrix. Although the shrinkage target matrix does not possess any known feature of the real
covariance matrix and high biased, it still contains one of important properties, which is no variance. So,
the Shrinkage to identity matrix can generate a covariance matrix with more stable than the one of sam-
ple covariance matrix.

220



Assuming that X is a true covariance Amatrix, S denotes a sample covariance matrix, I is an identity
matrix, and §° is shrinkage intensity (OS&S 1). The generic shrinkage covariance matrix X° is estimated
as follows: o '

I=6'puI+(1-6°S
_B

with & —2

Wherein: p:(Z,I);BZZE[“ S-X ||2L'02:E{ | S—pr| 2}-

1.4 Linear Shrinkage to a custom-tailored target (CTL)

A custom-tailored target is a shrinkage target established from the application of specific knowl-
edge. O. Ledoit & M. Wolf (2020) said that: “The financial covariance matrices typically have some styl-
ized features that can be exploited in devising an improved shrinkage target compared to using (a multi-
ple of) the identity matrix”. This is known as an expert-based idea for a generic target. In practice, to
achieve an efficient custom-tailored target, we are not only interested in how well it fits the true covari-
ance matrix but also whether the number of parameters it generates is small or not.

In this paper, we use the covariance matrix of single index model (Sl) and the one of constant corre-
lation model (CC) as the custom-tailored targets of shrinkage estimation, respectively named Shrinkage
to single-index model (SSI) and Shrinkage to constant correlation model (SCC). The corresponding shrink-
age target matrix from Sl generally has a factor represented for model structure that reflects that market
return has a significant impact on the stocks’ return of selected portfolios. Meanwhile, the CC target is
estimated assuming that the correlation between all pairs of stocks is no different and is equal to the
average correlation level (Ledoit & Wolf, 2020).

The CTL is defined as a linear combination between a SC and a custom-tailored target. The optimal
shrinkage coefficient §° can be used to score the trade-off between these two covariance matrices. The
value of shrinkage coefficient will be from zero to one, so the closer the shrinkage coefficient approaches
to a value of 1, the greater the impact of custom-tailored target on the estimated covariance matrix.

Based on the primary study of O. Ledoit & M. Wolf (2003b, 2004), the covariance matrix from the
CTL is calculated as follows: ' ‘
=[1-6°|S+6°T.
With:

p
§ ="t
2

i=1j

N
j>i

{Var( s;]—Cov/t; s”

MZEMz

[Var(tij_sij)+(9ij_0ij)2]

1

herein: 0, S; and t;; are elements of X, S and T respectively; and GUZE(fU-) and 0 ;= E(SU)

1.5 Non-linear shrinkage (NL)

In this paper, we apply the analytical NL estimator introduced by O. Ledoit & M. Wolf (2020) for esti-
mating the sample covariance matrix. Recent studies have shown the superiority of this method com-
pared to other non-linear shrinkage estimators when it is able to effectively balance three issues in esti-
mating the covariance matrix: level of accuracy, calculation speed and transparency. Estimating the co-
variance matrix using the analytical non-linear shrinkage estimator can be described through the follow-
ing formula:

S=VAV
with ,
A":=Diag|®'(A,),..., ®"(1,)|
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where

The fundamental distinction of NL and GL shrinkage is the way eigenvalues are handled. In the GL
estimator, the eigenvalues of sample are passed towards their grand mean, whereas according to the NL
estimator, some eigenvalues of the sample may be removed out of their grand mean and passed to-
wards local centroids of attraction. However, the NL method is useful to reduce the overall fluctuation if
we compare with the other estimator. Hence, theoretically, it has better adaptation than the generic lin-
ear Shrinkage in estimating the covariance matrix.

2. METHODOLOGY AND DATA

We conduct experiments on shrinkage estimators on the Viethamese stock market. This is consid-
ered one of the emerging financial markets in Southeast Asia with rapid development recently. Input data
is daily stock prices of more than 400 stock codes listed on the Ho Chi Minh City Stock Exchange, one of
the two largest trading floors in Vietham. To ensure the quality of research results, the stock codes of the
companies being researched must ensure the following requirements: (i) Have been listed on the ex-
change for at least 2 years, (ii) Ensure stock liquidity with an average trading volume of 10,000 shares
per week, and (iii) Eliminate penny stocks priced under $0.20 per share. The research period is about 10
years from 2011 to 2021, this is considered a period of stable development of the Viethamese stock
market.

To examine the effectiveness of the different shrinkage estimators, a backtesting procedure is ap-
plied based on the research results of Tran et al. (2020) and described specifically in the study of N.
Nguyen et al. (2020). The rolling horizon procedure, with a time window of 104 weeks that moves for-
ward a week each iteration, is used in the backtesting system to calculate the performance metrics of
portfolios. The portfolios will be rebalanced weekly, this is also consistent with the features of the Viet-
nam’s stock market when the trade settlement cycle is date T+2. The in-sample period will start from
January 1, 2011, to December 31, 2012, corresponding to 104 weeks used to initialize the investment
portfolio. The out-of-sample period will start from January 1, 2013, to January 1, 2021, corresponding to
416 weeks, used to test the effectiveness of the estimation methods.

Moreover, the metrics used to evaluate the performance of shrinkage estimators are quite compre-
hensive; They not only include indicators of profit (Annual Return - AR) and risk (Annual Volatility - AV) of
the portfolio but also criteria for considering other aspects of the portfolio such as: (i) Correlation ratio
between profit and risk (Sharpe ratio - SR), (ii) The level of stability of portfolio (Portfolio Turnover - PT),
(iii) Maximum loss of portfolio (ML), (iv) The probability of occurring the worst case of possible loss over a
target threshold with a given confidence level (Value at risk - VaR), and (v) Abnormal return of portfolio
(Jensen’s Alpha - JA).

Additionally, to better reflect the practicality of the trading strategy, transaction costs are also taken
into account when calculating the performance metrics. We apply a transaction fee of 0.25% of the total
transaction value for each purchase or sale of shares in the backtesting system. This is the fee being
applied on the Vietnam’s stock market. Besides, to be fair, we not only apply the estimators on a single
portfolio (N = 400 shares as mentioned before), but we also test these estimators’ methods on the differ-
ent groups of portfolios with the predefined stock numbers 100, 200, 300, 400, respectively. The distri-
bution of stocks weights into portfolios depends on the market capitalization of those stocks in the con-
sidered period. For instance, taking N = 100 means that the investors will hold 100 securities in their
portfolio, with the possibly largest market capitalization, and similar to N = 200, 300, 400.

3. EMPIRICAL RESULTS

The Vietnamese stock market experienced a volatile 2023; however, it still ended on a positive note.
2024 is expected to continue to be a promising year with global economic recovery and strong support
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policies from the Government. In 2023, it is a year of overcoming difficulties for the stock market and
promising growth prospects in 2024. Amidst a year marked by unpredictable changes in the global econ-
omy and geopolitical factors, Vietnam has demonstrated resilience by maintaining a commendable GDP
growth rate of 5.05%. Specifically, the cumulative market value of the Vietnamese stock market ex-
ceeded 240 billion USD by the conclusion of 2023, which accounted for 56.4% of the country's GDP.
Notably, the Ho Chi Minh City Stock Exchange (HOSE) alone contributed 186 billion USD to this total. For-
eign investors divested a total of 985.8 million shares, resulting in a net outflow of VND 24,830.9 billion
(about USD 1 billion). Previously, in 2022, foreign investors net bought VND 26,674 billion on the HOSE
floor. Thus, after strong net buying in 2022, foreign investors increased net selling in 2023. In the first
three months of 2024, the stock market also had a positive start when, at the end of the trading session
on March 25, 2024, the VN-Index reached 1,267.9 points, with the matched transaction value on the
HOSE floor reaching VND 27.2 trillion.

The main factors driving the home economy include initiatives to accelerate the distribution of public
investment, measures to boost domestic consumption, tax reductions, and pay hikes in both the public
and private spheres. Furthermore, the endorsement by the National Assembly of many amended laws,
including the Land Law, the Law on Credit Institutions, the Housing Law, etc., would provide a secure
legal framework, providing the groundwork for development in the upcoming era. The decisive measures
implemented by management agencies to address challenges in the real estate market and corporate
bond market have yielded favorable outcomes, while maintaining investor confidence. According to the
World Bank's estimates, the Vietnamese stock market could attract an additional US$25 billion from
foreign investors by 2030 after the market is upgraded. For the economy, the development of the finan-
cial market contributes to reducing the economy's dependence on bank credit, thereby minimizing poten-
tial credit risks. In addition, when the stock market is successfully upgraded, the role and business oppor-
tunities for commercial banks and foreign bank branches are also expanded in both the primary and sec-
ondary markets. Commercial banks and foreign bank branches will benefit from the provision of financial
services related to issuance, direct investment, distribution and issuance of guarantees as well as prod-
ucts such as bond trading, derivatives, lending, deposits, securities custody, foreign exchange, etc. There-
fore, the development of the medium and long-term stock market, contributing to the goal of attracting
foreign capital flows in a more sustainable manner.

Table 1. The effectiveness of the estimators on the top 100 largest stocks by market capitalization during the
out-of-sample testing period

Approaches Estimators AR AV SR PT ML VaR JA
Generic GL 12.52 10.36 | 0.80 | 3.60 | -32.28 -1.26 | 4.06
Custom-tailored SSi 1258 | 10.45 | 0.79 | 3.99 | -29.57 -1.27 | 4.19
SCC 14.20 | 10.44 | 0.93 | 3.44 | -30.59 -1.26 | 5.57
Non-linear DKE 11.60 | 10.29 | 0.73 | 3.98 | -32.64 -1.25 | 3.25

Source: Author's calculations

Table 1 showed that the SCC estimator leads with the highest Jensen's Alpha is 5.57, indicating su-
perior performance over the expected return. The SSI estimator is 4.19 next, followed by GL is 4.06 and
DKE is 3.25. Besides, the SCC estimator in the custom-tailored approach appears to be the most effec-
tive overall, with the highest average return, Sharpe Ratio, and Jensen's Alpha, combined with relatively
low volatility and portfolio turnover. The GL and SSI estimators also perform well but are slightly behind
SCC in several metrics. The DKE estimator, while having the lowest volatility, lags in average return,
Sharpe Ratio, and Jensen's Alpha, making it less effective in comparison.

Table 2. The effectiveness of the estimators on the top 200 largest stocks by market capitalization during the
out-of-sample testing period

Approaches Estimators AR AV SR PT ML VaR JA
Generic GL 16.18 8.79 1.31 4.15 -20.8 -1.05 | 8.25
Custom-tailored SSI 17.20 8.84 1.40 4,78 -16.86 -1.05 | 9.35
SCC 19.01 8.95 1.55 3.91 -14.98 -1.06 |10.86
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Non-linear DKE 16.60 | 8.77 | 1.37 | 368 | -19.66 | -1.04 | 8.74 |
Source: Author's calculations

Table 2 showed that the SCC estimator leads with the highest Jensen's Alpha is 10.86, indicating
superior performance over the expected return. The SSI estimator is 9.35 next, followed by DKE is 8.74
and GL is 8.25. Besides, the SCC estimator in the custom-tailored approach appears to be the most ef-
fective overall, with the highest average return, Sharpe Ratio, and Jensen's Alpha, combined with rela-
tively low volatility and portfolio turnover. The SSI and DKE estimators also perform well but are slightly
behind SCC in several metrics. The GL estimator, while performing adequately, lags behind the others in
key metrics such as average return, Sharpe Ratio, and Jensen's Alpha, making it less effective in compar-
ison.

Table 3. The effectiveness of the estimators on the top 300 largest stocks by market capitalization during the
out-of-sample testing period

Approaches Estimators AR AV SR PT ML VaR JA
Generic GL 18.36 8.51 1.57 4.35 -16.88 -1.00 [10.37
Custom-tailored SSI 19.01 8.50 1.63 4.92 -13.93 -1.00 (11.12
SCC 20.26 8.73 1.70 4.03 -13.68 -1.03 [12.04
Non-linear DKE 19.03 8.53 1.64 3.89 -17.92 -1.00 [11.11

Source: Author's calculations

Table 3 showed that the SCC estimator leads with the highest Jensen's Alpha is 12.04, indicating
superior performance over the expected return. The SSI estimator is 11.12 and DKE is 11.11 are also
strong, with GL is 10.37 being lower. Besides, the SCC estimator in the custom-tailored approach ap-
pears to be the most effective overall, with the highest average return, Sharpe Ratio, and Jensen's Alpha,
combined with relatively low volatility and portfolio turnover. The DKE and SSI estimators also perform
well but are slightly behind SCC in several metrics. The GL estimator, while performing adequately, lags
behind the others in key metrics such as average return, Sharpe Ratio, and Jensen's Alpha, making it less
effective in comparison.

Table 4. The effectiveness of the estimators on the top 400 largest stocks by market capitalization during the
out-of-sample testing period

Approaches Estimators AR AV SR PT ML VaR JA
Generic GL 19.74 8.36 1.74 4.28 -17.95 -0.98 |11.74
Custom-tailored SSI 20.41 8.34 1.80 4.86 -13.83 -0.98 |12.51
SCC 21.25 8.65 1.81 3.99 -13.23 -1.01 |12.99
Non-linear DKE 20.38 8.38 1.80 3.87 -18.59 -0.98 |12.47

Source: Author's calculations

Table 4 showed that the back-testing results of covariance matrix estimators on out-of-sample, we
can draw some important points as follows: both custom-tailored linear shrinkage (CTL) and non-linear
shrinkage (NL) give much superior results than the generic linear Shrinkage (GL) on most portfolio perfor-
mance metrics. In which, the CTL portfolios outperform the GL portfolios with five out of seven evaluation
criteria including average annual return, Shape ratio, portfolio turnover, MDD and Alpha coefficient;
meanwhile the NL portfolios show complete superiority over the GL portfolios with six out of seven crite-
ria, except for MDD criterion. This experimental result is generally consistent with the most recent study
(Ledoit & Wolf, 2020).

However, there is an interesting point that the NL only produces a clear superiority to the GL when
the number of stocks in the portfolio (N) tends to increase; conversely when N is small, the NL is not as
efficient as the GL. Specifically in this study, when N is equal 100, the average annual return, Sharpe
ratio, daily portfolio turnover, MDD and Jensen’s Alpha of generic linear Shrinkage have values of
12.52%, 0.8, 3.6%, 32.28%, and 4.06% that are better than the ones of non-linear Shrinkage with values
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of 11.6%, 0.73, 3.98%, 32.64%, and 3.25% respectively. The GL is only inferior to the NL in two evalua-
tion criteria that are average annual volatility and VaR in this case. On the other hand, when N is larger
than 200, the non-linear Shrinkage outperforms the generic linear Shrinkage on most of considered per-
formance metrics. This superiority is even more evident when the number of stocks in the tested portfolio
increases rapidly from 200 to 400 stocks.

The custom-tailored linear shrinkage portfolios are likely to generate superior returns compared to
the non-linear shrinkage portfolios, while the non-linear shrinkage portfolios tend to be less risky than the
custom-tailored linear Shrinkage. However, if we consider return of portfolio compared with its risk, the
average Shapre ratio of CTL portfolios give higher values than the one of NL portfolios. In particular, the
average annual return and Jensen’s Alpha on four tested portfolios of CTL are about 18% and 9.9%
which are much better than the ones of NL with the values of 16.9% and 8.9% respectively. Meanwhile,
the other performance metrics of CTL, which reflect the level of portfolio risk such as average annual
volatility, daily turnover portfolio and VaR with the values of 9.1%, 4.24%, and 1.08%, are not as good as
the NL’s with corresponding values of 8.9%, 3.8%, and 1.06%. Although the CTL portfolios are riskier
than the NL portfolios, if we compare the portfolio’s return per unit of risk, we can conclude that the CTL
portfolios still outperform the NL portfolios. This is clearly demonstrated when the average Sharpe ratio
of CTL portfolios on four back-testing portfolios are much higher than that of NL portfolios, 1.5% versus
1.3%.

The difference in evaluation results between the custom-tailored linear shrinkage approach and the
non-linear shrinkage approach has decreased sharply when the number of stocks in the portfolio (N) in-
creases dramatically. For example, when N is equal to 100, the superiority of CTL compared to NL on the
criteria annual return, SR and Alpha is 2.6%, 0.2, and 2.32% respectively, however when N approaches
400, the difference is This difference is only 0.87%, 0.01 and 0.52%.

CONCLUSION

Based on the analysis above, there is plenty of research so far regarding the comparison, both pros
and cons of two approaches: linear and non-linear shrinkage methods in the world. However, there is
almost no clear demonstration of this analysis for the financial markets of Southeast Asian countries. In
this article, we conduct practical experiments on the applicability of these two research directions. The
experimental research results have discovered two very interesting points. First, the non-linear shrinkage
(NL) estimator does not always give superior results compared to the generic linear Shrinkage (GL) esti-
mator; In case the number of stocks in the portfolio is low (N=100), the NL is not as effective as the GL
on most portfolio performance metrics. Second, the custom-tailored linear shrinkage (CTL) estimator is
still the tough benchmark that the NL estimator needs to overcome. The CTL has shown its strength
when it prevails in all measures of the portfolio’s ability to generate outstanding returns such as annual
return, Sharpe ratio or Jensen’s Alpha compared to the NL even though the NL tends to create portfolios
with low volatility. These findings show that the academic researchers and practitioners still have a lot of
work to do if the NL approach is to become more popular and widely applied in the financial markets.
Moreover, our experimental results show potential achievement in portfolio selection in a frontier market
such as the Vietnamese stock market and contribute to further empirical evidence on the effectiveness
of the shrinkage estimators for optimal portfolio selection.

The limitations and further research. The study uses stock data from the Ho Chi Minh City Stock
Exchange over a ten-year period. This may not fully capture the broader market dynamics or rare market
events that could affect the generalizability of the findings. This limits the applicability of the results to
other emerging or developed markets with different characteristics and investor behaviors. The study
concludes that non-linear shrinkage estimators do not always outperform linear ones, especially with
smaller portfolios. However, the research does not extensively explore why this is the case or provide a
detailed analysis of the underlying reasons for this performance discrepancy. The use of a rolling window
for backtesting may introduce bias, as it assumes that past performance is a reliable indicator of future
results. This could lead to overfitting the model to historical data. Therefore, further research suggestions
are expand the dataset to include a more diverse range of stocks, including those with lower liquidity or
smaller market capitalizations, to better understand their impact on portfolio selection and covariance
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matrix estimation. Conduct similar studies in different markets (emerging, developed) to compare the
effectiveness of linear and non-linear shrinkage estimators across varying market conditions and investor
behaviors.
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Appendix A.
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== Direct Kernel Estimator
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Cumulative returns of linear and non-linear shrinkage estimators on the whole Viethamese stock
market. The market line is the VNINDEX's return in the same period.
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Volatility of linear and non-linear shrinkage estimators on the whole Viethamese stock market. The
market line is the VNINDEX'’s return in the same period.
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