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INTRODUCTION

Correct and accurate measurement of the QoL is one of the most urgent tasks; a huge number of
works is devoted to this topic, a very good overview of which is available in the work (Rakhmetova and
Budeshov, 2020; Ulewicz and Blaskova, 2018). Usually, the process of constructing an integral indicator
consists of two stages. At the first stage, an a priori set of initial variables is selected, then its unification
and primary data processing is being done. The second stage is the construction of the "best representa-



tive" of this unified set. The choice of the initial set of indicators is determined by many factors, the re-
quirements for it are described in detail, thoroughly and fully in the work (Aivazian, 2012). The choice of
the "best representative" and correspondingly the final rating can be carried out in different ways. So, for
example, in the work (Mironenkov, 2020), the final result is selected by sequentially applying the Pareto
ratio; the work (Kobus, M, at. al, 2019; Aliyev, 2021; Aliyev et al., 2022) is based on stochastic domi-
nance relations. Many papers use linear convolution with fixed weights as the main result (Blomquist et
al, 1988; Moro et al, 2008; Belyaeva, 2009). In the works (Makarov et al., 2014; Leshchaikina, 2014;
Aivazyan et al., 2016; Fantazzini et al., 2018; Shakleina and Midov, 2019; Afanasiev and Kudrov, 2019),
the best representative of a unified set of variables is selected as the first principal component, modified
principal component (Volkova, 2010) or generalized principal component (Volkova, 2019). Such a choice
seems to be justified since the first principal component retains the maximum proportion of variation in
the data set (Pearson, 1901). In other words, with the reverse restoration of the original data for the first
principal component by the least square method, the sum of the squares of the deviations of the re-
stored values from the original values is minimal. For more details look (Aivazyan and Mkhitaryan, 2001).

However, the use of the principal components in the quality of life analysis, with all the obvious ad-
vantages, has some problems (Jiang & Liu, 2021; Zheng & Jiang, 2021; Lapinskas et al., 2021). At the
first stage, when compiling the initial (a priori) data set, the researcher has to take into account that each
of the variables included in the set has the same value in the final rating. That is, despite the different
values of the linear convolution weighting coefficients, the final integral indicator restores the original
variables equally accurately. Or equally inaccurate. When a variable is included in an a priori data set, the
researcher does not have the opportunity to set to each variable its own value (individual weight of re-
verse restoration). This in turn imposes restrictions on the choice of a set of variables. Thus, the introduc-
tion of weighting coefficients to improve the quality of restoration of some variables is seen as a natural
direction for the development of the principal component method in the tasks of constructing an Il QoL.
At the same time, the quality of restoration of other variables may deteriorate.

1. WEIGHTED PRINCIPAL COMPONENT

At this stage we need to specify such a linear combination of the initial variables so that the OLS res-
toration of more important factors for this category is more accurate than the OLS restoration of less
important factors. Thus, to build an integrated indicator based on the data x},x72, xf‘ where
i =1,..,n the observation number, and k - is the number of variables, is suggested by predefined
weights wi,w?, ...,w¥ to build a linear combination g = u'x® + u2x? + - + u*x¥, so that after the OLS-
restoration of the original variables by the variable g and obtaining the restored variables £}, #7, ﬁf‘

the following condition is fulfilled
2 ul,...,uk
wi(# —x1)? +w?(#? — x?)? +---+wk(£k—xk) —  min, (eq. 1)
where x! is the first column vector of the source data, £! is the column vector of the OLS restoration
x! by column g.

So, let there be a matrix X of a posteriori set of unified variables of size n X k, where n is the number
of countries in the study (sample size), and k is the number of variables included in the posteriori set
(number of features). It is assumed that k < n.

xi xf

X = - a set of k variables, each of dimension n. For convenience, the lower in-
1 k
Xn Xn

dex corresponds to the observation number, the upper index corresponds to the variable number.

Let G - n X m matrix of principal components, where m is the number of principal components used
for analysis, i.e.
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G = - matrix of m principal components.
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LetU = - matrix of restoration coefficients.
uk,l uk,m

Henceforth, constructing an integrated indicator, we assume m = 1, but the reasoning is valid for
anym = k.

Due to the centering of a posteriori set, OLS-restoration of initial data using the principal compo-
nents can be represented as £ =G -UT, where X is n X k matrix of recovered data, UT is m X k matrix
of data restoration coefficients (i.e., the matrix of coefficients for the principal components). Let there

wl 0
also be a diagonal k X k matrix W = ( ) where wi,w?, ...,w¥ - strictly positive valuest of
0 wk
restoring the original variables.
The objective functional can be represented in matrix form as
Ay (G U) =12~ X[ly=[IG-UT =Xl = te((G-UT = X)T- W - (G- UT — X))
and the optimization problem (eq. 1) takes the form

tw((G-UT-X)T-W-(G-UT —X)) - min (eq. 2)

There is a problem statement (without solution) in equation B.16 in the work (Abdi, Williams, 2010);
in the paper (Gabriel and Zamir, 1979) the same optimization problem is posed and an algorithm for its
numerical solution is given; in the work (Burnaev and Chernova, 2008) there are a numerical solution
and an iterative algorithm for solving a similar problem in determining the optimal wing profile. An itera-
tive algorithm called "Heteroskedastic Matrix Factorization" is proposed in the study of the astrophysical
spectrum (Tsalmantza and Hogg, 2012); and the paper (Delchambre, 2015) presents examples of the
application of weighted principal components in astrophysics problems.

Note that the solution of the problem without weights
. 1T _ T, 1T _ :
(G- UT-X)T-(G-UT —X)) - min (eq. 3)
is well known, see, for example, equation B.15 in (Abdi, Williams, 2010), the matrices G and U can be
found from the system

G=XU-UT-U)1,
I

U= (X)T(;(GTG)—I (eq 4)

And the components of the vectors U are obtained as normalized eigenvectors of the covariance ma-
trix 2 (Jackson, 2005; Jolliffe, 2002; Dunteman, 1989).

You can easily check that the problem (eq. 2) can be reduced to the problem (eq. 3) by the following
change of variables:

Xy =X VT,
Uy =V-U,

where VTV = W. Due to the positive definiteness of W such a change exists.

1 If the restoration weight w/ is 0, that is, the restoration value of some variable is unimportant; it should be removed from the
dataset.



Indeed, let us substitute in (eq. 3):
h-((G U%, —Xw)" - (G- UL —Xw)) _
~ (6 0B ) (6 U %)) =
U‘((G-(V-U)T—X-VT) (G- (V-U)T—X-VT)T) =
e{(60m (o)
h‘((G-UT—X) VTV (G-UT—X)T) _

zh-((G-UT—X)-W-(G-UT—X)T).

In other words, the solution of the optimization problem with weights (eq. 2) with a data matrix X can
be found as a solution to a standard problem without weights relative to the data matrix X,,. At the same
time from (eq. 4) matrix G can be easily found.

2. METHODOLOGY

The above implies the possibility of generalization of considered method for a wide range of prob-
lems in which the integrated indicator is constructed as the first principal component and the weighted
principal component can be constructed with pre-set weights. The question of obtaining weights w/ for
the values of the variables remains open. The use of expert assessments does not correlate well with the
"without a teacher" approach to obtain an integrated indicator. In the work (Fantazzini et al., 2021), it
was noted that migration flows within the country are directed to the regions with a higher quality of life,
usually to large cities. There are many sources that show the relationship between migration flows and
human capital accumulation (Sardadvar, Vakulenko, 2021) or Happiness level (Porell, 1982; Michalos,
1996). Since, as shown in (Bartram, 2015), migration flows cannot directly serve as an indicator of the
quality of life, migration statistics can be used as an objective teacher to determine the weighting coeffi-
cients for the values of variables in the principal component. In other words, it is supposed to pick up

weight coefficients wi,w?, ... ,w¥ insuch a way that the first principal component constructed with them

most accurately corresponds to the real migration flows. The ratio of the number of migrants arriving to
the number of those departing can be chosen as a measure of migration flows. It can be assumed that a
higher value of the indicator will correspond to a higher level of quality of life. The correlation coefficient
of the resulting integrated indicator with migration indicator is used as an objective function.

2.1 Data and Sources

In order to preserve continuity and the possibility of tracking dynamics, the a priori set of variables is
identical to the one used in (Aivazian, 2012). There is also a very convincing list of conditions and data
requirements for inclusion in the set. The list of variables is given in the Table 1.

Table 1. Selected predictors for Il QoL.

Ne Variable WC?(?3809) Indicator

1 x! 1.1.22 GDP per capita, PPP (USD).

2 x? 3.1.04 Labor productivity, USD

3 x3 1.1.23 Personal consumption expenditures per capita, USD
4 x* 4514 Literacy rate, %
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25.07 / - .

5 0,

5 X 5506 20% coefficient of funds, times

6 x® 1.5.01 Consumer Price Index, %

7 x’ 4.4.05 Life expectancy at birth, years

8 x® 4.4.07 Infant mortality rate (per 1000 lives birth)
9 x°? 4.4.17 CO, emissions, metric tons

10 x10 4.3.02 R&D expenditures, % of GDP

Unfortunately, the World Competitiveness Yearbook2 (WCY 2009) database used in (Aivazian, 2012)
is currently unavailable to us; the required indicators are obtained from the World Bank website3 (WB
2019). At the time of the request (March 2020), variables x? and x® were available on the site for 2019
and variables x1,x3,x% x® for 2018, data on the other variables were presented for earlier periods.
Herewith, countries containing a significant number of missing values were excluded from the sample. In
case of a small number of omissions, the missing data was replaced by the available earlier ones. The
latter took place in variables x* x>, x® x°. The World Bank also publishes statistics on migration (Bilat-
eral Estimates of Migrant Stocks in 2017), at the moment of the access, data for 2017 are available.
Since the initial data are presented in different units of measurement, to avoid the influence of dimen-

sionality, we will carry out a standardization procedure x™€% = % , where Xx is the mean value of the
variable x, a s(x) is the standard deviation.

2.2 Empirical findings

The resulting data matrix of dimension 103 by 10 is denoted by X. The correlation matrix of the orig-
inal data set is shown in Table 2.

Table 2. The correlation matrix.

x1 x2 x3 x4 x5 x6 X7 x8 x9 X10 MigrRate
x1 1,00
X2 0,92 | 1,00
x3 0,97 | 0,88 | 1,00
x4 -0,66 | -0,51 | -0,66 | 1,00
x5 -0,28 | -0,30 | -0,28 | -0,22 | 1,00
x6 -0,38 | -0,39 | -0,40 | -0,28 | 0,09 | 1,00
X7 0,64 | 0,712 | 0,68 | -0,77 | -0,35 | -0,43 | 1,00
x8 -0,51 | 0,61 | -0,54 | 0,84 | 0,31 | 0,36 | -0,93 | 1,00
x9 -0,1412 | 0,00 | -0,10 | 0,32 | 0,08 | 0,02 | 0,10 | 0,25 | 1,00

X10 0,714 | 0,65 | 0,78 | -0,39 | -0,25 | -0,34 | 0,59 | -0,47 | 0,02 | 1,00
Migr
Rate

0,52 | 047 | 0,59 | -0,47 | 0,00 | 0,49 | 0,25 | -0,47 | 0,04 | 0,49 1,00

2 http://www.imd.org/research/books/world-competitiveness-yearbook-2019/

3 https://data.worldbank.org/
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We can see that migration flows are most strongly correlated with variables x2 (Personal consump-
tion) and x* (GDP per capita). First, let's build an integrated indicator as the first principal component
without weights g = ulx® + u?x? + -+ u'%x1°, here g = _min k(gUT — X)?. The resulting coeffi-

cients u/ are shown in Table 3, and the resulting integrated indicator g and country ranks are given in
the appendix.

Table 3. The coefficients of the first principal component.

u Lll 112 113 114 115 116 ll? 118 119 1110

PC1 0.379 | 0.386 | 0.387 | 0.313 | 0.163 | 0.218 | 0.387 | 0.355 | 0.031 | 0.331

The integrated indicator g, constructed as the first principal component, contains more than half
(0.538) of the total variation of the original set. And the correlation coefficient of the first principal com-
ponent with the migration indicator is 0.441.

To find the weighting coefficients of the quality of preserving the variation of the initial features, the
following problem is solved:

wlw?, ..., wk = argmax(cor(g; MigrationRate)),

g = ulx! + wx%2 4+ + uloxlo,

1 k
wi(gut —x1)?2 + w?(gu? —x2)2 + ..+ wk(guk - xk)z ¥ min,

The coefficients for variables in the principal component are given in Table 4.

Table 4. The coefficients of the first weighted principal component.

U Lll 112 113 114 115 116 U.? 118 119 lllo

wPC1 0.447 | 0.404 | 0.464 | 0.222 | 0.131 | 0.188 | 0.318 | 0.255 | 0.039 | 0.390

Normalized optimal values of weights w/ are shown in Table 5.

Table 5. The coefficients of the first weighted principal component.

w Wl W2 WB W4 WS WG w? WS w9 wlO

wPC1 0.000 | 0.000 | 0.975 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.224

At these values, the correlation coefficient reaches its maximum of 0.591. Note that the variable x2,
personal consumption expenditures, has the greatest value of preserving variation; the value of the vari-
able x'% is a quarter of x® and all other variables are useless to maximize the relationship of the inte-
grated indicator with migration indicators. Relationship between the correlation coefficient and the
weights’ ratio of the variables x® n x° is shown in Figure 1. We see that the maximum correlation is
achieved when wt® = 0.23w?2.

12
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Figure 1. Dependence of the correlation coefficient on the ratio of weights.

The values of the integrated indicators obtained in this case, as well as the ranking, are given in the
appendix.

DISCUSSION AND CONCLUSION

The paper has developed the principal component method in the applications for the QoL analysis,
allowing the researcher to set the value with which the final integrated indicator should represent this
variable when compiling an a priori data set. Comparing with the traditional principal component method,
this approach has several advantages: the researcher has the opportunity to take into account the value
of more important variables for his integrated indicator, while in the standard principal component meth-
od all the incoming factors are equally important. When constructing an integrated indicator, the re-
searcher can consider (with an appropriately low weight) second-order factors that are incomparably less
important than the main variables. Previously, the influence of such variables was ignored. This can
make a significant contribution to the construction of Il. It was possible to obtain a solution to the prob-
lem explicitly, without resorting to iterative evaluation procedures, thereby speeding up numerical calcu-
lations. As an application of the method, 103 countries were ranked in accordance with the generally
accepted methodology.

As an interesting and relatively new approach we consider migration flows as an objective teacher
for finding the corresponding weights. Of course, it is possible to introduce migration statistics in differ-
ent ways and we use only one of them, anyway the final ranking results seem to be interesting and well
consistent with the results of similar works known to the authors.
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APPENDIX.
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Complete countries’ ranking by the Migration Rate, Principal Component and weighted Principal Component.

H

¢ 5 3 x g 5
Country =« < =

Switzerland 3,950 12 4,755 2 5,970 1
Norway 4111 11 4,534 3 5,612 2
Iceland 1,029 41 3,882 4 5,608 3
UnitedStates 15,652 1 3,756 7 5,492 4
Luxembourg 3,697 13 5,706 1 5,249 5
Denmark 2,150 24 3,836 5 4,593 6
Australia 11,856 2 3,312 12 4,114 7
Sweden 5,683 4 3,742 8 4,051 8
Finland 0,914 43 3,415 11 3,760 9
Austria 3,122 17 3,466 10 3,747 10
Israel 5,512 5 3,467 9 3,738 11
Germany 3,030 18 3,253 14 3,419 12
Belgium 3,335 15 3,310 13 3,414 13
Netherlands 2,004 26 3,170 15 3,293 14
Canada 6,328 3 2,773 19 3,180 15
UnitedKingdom 1,909 28 2,613 20 3,155 16
Japan 2,232 20 3,115 16 2,896 17
France 3,610 14 2,929 18 2,840 18
Ireland 1,085 39 3,835 6 2,652 19
Korea 0,510 55 3,020 17 2,223 20
Italy 1,825 29 2,374 21 1,962 21
Spain 4,306 9 2,039 22 1,411 22
Slovenia 2,221 21 2,006 23 1,031 23
Portugal 0,390 64 1,465 26 0,930 24
Greece 1,274 36 1,432 27 0,688 25
CzechRepublic 1,553 34 1,719 24 0,652 26
Estonia 0,668 48 1,393 28 0,554 27
Malta 0,427 59 1,699 25 0,520 28
Cyprus 1,158 38 1,288 29 0,370 29
Lithuania 0,342 68 0,834 34 0,260 30
SlovakRepublic 0,299 71 1,136 30 0,195 31
Uruguay 0,260 75 0,122 43 -0,026 32
Latvia 0,652 49 0,669 35 -0,035 33
Hungary 0,704 47 0,952 32 -0,064 34
Poland 0,155 84 0,989 31 -0,096 35
Croatia 0,602 53 0,879 33 -0,171 36
Chile 0,799 46 0,375 39 -0,263 37
Malaysia 1,717 31 0,524 36 -0,427 38
China 0,148 85 0,518 37 -0,513 39
Mauritius 0,340 69 -0,146 51 -0,520 40
Romania 0,107 86 0,308 40 -0,532 41
Brazil 0,431 58 -0,697 62 -0,537 42
CostaRica 3,171 16 0,034 45 -0,553 43
RussianFederation 1,063 40 0,080 44 -0,573 44
Turkey 1,676 33 -0,092 48 -0,744 45
Bulgaria 0,104 87 0,212 41 -0,753 46
Montenegro 0,345 67 0,383 38 -0,793 47
Serbia 0,822 45 -0,073 47 -0,815 48
Mexica 0,085 88 -0,378 53 -0,827 49
SouthAfrica 4,319 8 -2,149 85 -0,983 50
Botswana 2,007 25 -1,452 77 -1,027 51




Thailand 4,469 7 -0,010 46 -1,054 52
BosniaHerzegovina 0,023 102 0,177 42 -1,123 53
Jordan 4,278 10 -0,168 52 -1,132 54
Colombia 0,052 95 -0,724 63 -1,139 55
Kazakhstan 0,942 42 -0,139 50 -1,165 56
Ecuador 0,411 61 -0,580 58 -1,175 57
NorthMacedonia 0,232 77 -0,129 49 -1,191 58
Peru 0,072 92 -0,644 59 -1,213 59
Gabon 4,751 6 -1,097 72 -1,226 60
Tunisia 0,079 90 -0,660 60 -1,308 61
Paraguay 0,214 80 -1,114 73 -1,314 62
Iraq 0,192 81 -1,283 76 -1,330 63
Georgia 0,233 76 -0,518 55 -1,332 64
Morocco 0,036 99 -0,849 65 -1,351 65
Armenia 0,228 78 -0,411 54 -1,352 66
Guatemala 0,076 91 -1,503 78 -1,357 67
Eswatini 0,353 66 -2,624 87 -1,362 68
ElSalvador 0,027 101 -0,846 64 -1,366 69
Egypt 0,161 83 -1,812 81 -1,405 70
Moldova 0,395 62 -0,863 66 -1,410 71
Algeria 0,187 82 -0,529 56 -1,424 72
Ukraine 0,894 44 -1,026 69 -1,431 73
Kenya 2,501 19 -2,064 83 -1,437 74
SriLanka 0,030 100 -0,549 57 -1,478 75
Azerbaijan 0,424 60 -0,684 61 -1,481 76
Senegal 0,485 56 -2,178 86 -1,489 77
Vietnam 0,038 97 -0,907 67 -1,495 78
Indonesia 0,081 89 -1,082 71 -1,515 79
India 0,316 70 -1,824 82 -1,521 80
CaboVerde 0,065 94 -1,223 75 -1,536 81
Philippines 0,037 98 -1,153 74 -1,539 82
Mongolia 0,224 79 -1,005 68 -1,551 83
Ghana 0,609 52 -2,892 91 -1,562 84
BurkinaFaso 0,478 57 -3,087 93 -1,607 85
Honduras 0,049 96 -1,612 80 -1,624 86
Ethiopia 1,457 35 -3,211 96 -1,630 87
Nigeria 1,177 37 -4,506 102 -1,633 88
Pakistan 0,522 54 -2,851 90 -1,661 89
Nicaragua 0,067 93 -1,517 79 -1,662 90
Nepal 0,274 74 -2,067 84 -1,705 91
Lesotho 0,022 103 -4,085 101 -1,710 92
Mali 0,395 63 -3,695 100 -1,713 93
Coted'lvoire 2,157 23 -3,599 98 -1,715 94
Sudan 0,367 65 -3,619 99 -1,716 95
Congo 1,683 32 -3,251 97 -1,719 96
KyrgyzRepublic 0,290 72 -1,034 70 -1,721 97
Chad 1,718 30 -4,615 103 -1,730 98
Togo 0,630 51 -2,984 92 -1,749 99
Gambia 1,925 27 -3,205 95 -1,779 100
Uganda 2,181 22 -2,675 88 -1,790 101
Burundi 0,642 50 -3,104 94 -1,840 102
Madagascar 0,284 73 -2,700 89 -1,857 103
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